ABSTRACT. In the present paper we study the Bézier variant of the well known Balazs-Kantorovich operators L n,α (f, x), α ≥ 1. We establish the rate of convergence for functions of bounded variation. For particular value α = 1, our main theorem completes a result due
Introduction
For a real valued function f defined on the interval [0, ∞), B a l a z s [2] introduced the Bernstein type rational functions, which are defined by
where p n,k (x) = n k (a n x) k (1 + a n x) n (1) and a n , b n are suitably chosen positive numbers independent of x. The weighted estimates and uniform convergence for the special case a n = n β−1 , b n = n β , 0 < β ≤ 2/3 were investigated in [3] . Actually the operators defined by (1) are just Bernstein type rational functions, but the approximation properties of these operators are different from the usual Bernstein polynomials.
Z e n g and P i r i o u [12] were the first who introduce and study the Bézier variant of the Bernstein operators. After this the rates of convergence for the several integral type operators were obtained by G u p t a and collaborators (see e.g. [4] - [10] etc). Actually Bézier curves play an important role in Computer Aided Geometric Design, this along with the different approximation properties of Balazs operators from usual Bernstein polynomials motivated us to study further in this direction.
Recently A g r a t i n i [1] defined the Kantorovich variant of the Balazs operators as
where
The Bézier variant of these Balazs-Kantorovich operators can be defined as:
is the basis function.
Throughout the paper let
where χ n,k is the characteristic function of the interval [k/na n , (k +1)/na n ] with respect to I ≡ [0, ∞). Thus with this definition it is obvious that
A g r a t i n i [1] obtained some approximation properties and the rate of convergence for the operators L n but [1] does not explicitly contains the sign term which is important part in the proof of the rate of convergence. In the present paper we estimate the rate of convergence for the Bézier variant of BalazsKantorovich operators. For special value our main theorem provides the complete estimate on the rate of convergence for the ordinary Balazs-Kantorovich operators.
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Auxiliary results
P r o o f. Following [11] , the optimum bound for Bernstein basis function is given by
Substituting t = a n x 1+a n x in the above inequality, we get n k
(1 + a n x) 1 + √ na n x .
Substituting t = a n x 1+a n x in the above inequality, we get the required result.
. . , and for all
and
P r o o f. Equations (4) and (5) were obtained in [1] . By a direct computation from (4) and (5), we obtain
From the page 349 of the paper or the reference [3] , we learn that
Lemma 3 is proved.
Ä ÑÑ 4º Let x ∈ (0, ∞), then for sufficiently large n, we have
P r o o f. We first prove (i). By (6), there holds
where we have applied Lemma 3. The proof of (ii) is similar. 
≤ α2 α 1 + (a n x) 2 + 0.5(a n x + 1)
P r o o f. Making use of identity for all n, we have
It follows that
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For these operators it is obvious that
Applying the inequality |a
Therefore by Lemma 1 and Lemma 2, we get
Next we estimate L n,α (g x , x) as follows:
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We start with E 2 . For
and thus
Next we estimate E 1 . Setting y = x − x/ √ n and integrating by parts, we have
Since
we conclude
Also y = x − x/ √ n ≤ x, therefore by Lemma 4, we have for n sufficiently large
Integrating by parts the last integral, we obtain
Replacing the variable y in the last integral by x − x/ √ n, we get
Hence
Finally we estimate E 3 , defininĝ
We split E 3 as follows:
with y = x + x/ √ n the first integral can be written in the form (g x ).
(13)
